We consider the relation between three physical problems: 2D directed lattice random walks in an external magnetic field, ensembles of torus knots and 5d Abelian SUSY gauge theory with massless hypermultiplet in Ω background. All these systems exhibit the critical behavior typical for the "area+length" statistics of grand ensembles of 2D directed paths. In particular, using the combinatorial description, we have found the new critical behavior in the ensembles of the torus knots and in the instanton ensemble in 5d gauge theory. The relation with the integrable model is discussed.
Challenging questions appear often at the edges of traditional fields. As an example, the new branch of mathematical physics, the "statistical topology" emerged recently by absorbing ideas from the statistical physics, theory of integrable systems, and algebraic topology (see, [1] for review). The scope of the statistical topology includes, on the one hand, mathematical problems involved in the construction of topological invariants of knots and links based on solvable models and, on the other hand, the physical and statistical problems related to summation over knot ensembles. In this work, we dwell predominantly to problems of the latter kind, demonstrating the emergence of a critical behavior in ensembles of torus knots.
Torus knots T m,n seem to be among the simplest objects in the knot theory. It is difficult to underestimate their role in different branches of mathematical physics. The topology of a torus knot is uniquely determined by the pair (m, n), which fixes windings along two torus periods. In the Fig.1a an example of torus knot T 3,2 is given. Various explicit expressions for knot invariants are known, ranging from classical Jones-Kauffman polynomials [2, 3] to recently discovered superpolynomials [4] . New approaches to the torus knot invariants have been formulated recently in [5] [6] [7] . Less is known about properties of knot ensembles, where the particular topology of a knot diagram is considered as a topologically "quenched" variable similar to the quenched disorder in statistical physics. The weighted summation over different torus knot types (i.e. different pairs (m, n)) means the consideration of the grand canonical ensemble (or, generating function) of torus knots.
In this Letter we consider the relation between three physical problems: i) two-dimensional directed lattice random walks in an external magnetic field, ii) ensembles of torus knots, and iii) the asymptotically free 5d Abelian SUSY gauge theory with a massless hypermultiplet. The reason for random walks to appear in the context of all these problems is as follows. The main tool for the evaluation of the torus knot invariants and Nekrasov partition function [20] , is the so-called "equivariant localization" which reduces the integral over the particular moduli space to the summation over the Young diagrams. The last problem can be reformulated as a weighted sums over the directed paths on a square lattice. On the other hand, we exploit the relation between the particular limits of a superpolynomial of T n,n+1 torus knots, and equivariant integrals over the n-instanton moduli space for the 5d U (1) SUSY gauge theory with one massless hypermultiplet. Collecting these different points of view, we interpret the generating function for ensembles of T n,n+1 knots as the weighted sum in the 5d gauge theory over the instanton number with the fugacity , coinciding with the instanton action, and analyze the analytic structure of the corresponding generating function. Given an explicit expression for the free energy in the random walks problem, we use it to analyze the ensembles of knots and instantons. We show that at the "gauge theory side" the derivative of the partition function with respect to the mass of the hypermultiplet, exhibits an unexpected critical behavior at some finite value of gauge coupling. In conclusion we speculate about some possible physical interpretation of established results.
In what follows we consider torus knot invariants expressed in terms of Dyck paths. Dyck path of length 2n on square lattice starts at the origin (0, 0), ends at point (n, n) and consists of steps in upper and right direction, always staying above the diagonal of the square -see . In what follows we sometimes refer to Dyck paths as to Brownian excursions (BE), having in mind an image of a charged particle on a lattice in external magnetic field, whose motion is subject to two restrictions: move only in upper and right directions and never intersect the diagonal. Calculating the action for such a particle, we can see that exponentiated external magnetic field is a fugacity for the area under the path, and the exponentiated mass is a fugacity for the length of the path. In this framework it is natural to introduce a generating function for Dyck paths as a sum over n.
To obtain torus knot invariants, we need two more statistics for Dyck paths, "corners" meaning number of points where path changes direction from up to right, and "bounces", a definition for which can be found in [19] . The polynomial invariant for (n, n + 1) torus knot is given by a partition function: Some limiting cases of (1) define known partition functions. Setting a = 1 in (1) we get the partition function of the "area+corner"-weighted Brownian excursions, known in enumerative combinatorics as qNarayana numbers [9] , N n (q, t). They satisfy the functional recursion
If the number of corners is not controlled (t = 1), and only length and area are relevant, we arrive at the functional relation for q-Catalans [9, 10], C(s, q) = N (s, q, t = 1),
where
is the q-Airy function and
The extension of q-Catalans to encompass "bounces" has been done in [11, 12] , where it has been shown that the "bounce+area" statistic corresponds to the (a, q)-Catalans. It should be pointed out that different authors use different notations for area-, corner-, and bounce-weighted statistics. It this paper we follow notations where q is attributed to the fugacity of the area, t -to the fugacity of corners, and a -to fugacity of bounces. Note the difference with respect to the notations in the papers [11, 12] .
Let us describe how the critical behavior emerges at the BE side. In the works [13] [14] [15] it has been shown that in the double-scaling limit q → 1 − and s → 1 4
− the function C(s, q) has the following form − and
The function C(s, 1) is the generating function for undeformed Catalan numbers:
It makes sense in the area s < the first derivative of the generating function experiences a singularity which we interpret as critical behavior. The
− can be read also from the asymptotic expression for C(s, q) (5):
Note that the first non-singular term in (7) does not contain q, so it is no matter in which order the limit in (5) is taken. However to define the double scaling behavior and derive the Airy-type asymptotic, the simultaneous scaling in s and q is required.
The same holds for Narayana numbers, counting Dyck paths with fixed fugacity of corners, t: the square-root singularity of the generating function,
at t = 1 coincides with the one of Catalans (7). Whether the double scaling near the critical line (1 − s + st) 2 − 4s = 0 for q-Narayanas with the Airy-type asymptotic (5) exists, is still an open question which deserves further investigation.
The discussion of the "area+length"-weighted scaling would be far from complete without mentioning that the asymptotic (5) describes the scaling of top line in a bunch of directed vicious walks. Proceeding as in [16] , take the ensemble of N vicious walkers, define the averaged position of the top line and consider its fluctuations near the averaged position. In such a description all vicious walkers lying below the top line play a role of a "mean field", which pushes the top line to some "atypical" equilibrium position, around which it fluctuates. It is naturally to suppose that the fluctuations of the top line in a mean-field approximation have the same scaling as the fluctuations of the "inflated" Brownian excursion with fixed area under the path. One actually can show that, following the line of reasoning of the work [17] . The solution of the inviscid Burgers equation
and gives the Wigner semicircle law centered at the point
One can smear the function u 0 (x, t) near the boundary value, x = x c = ±2 √ N , adding the fluctuations, i.e. passing to the Burgers equation with a weak diffusivity (0 < ν ≪ 1): ∂ t u(x, t) + u(x, t)∂ x u(x, t) = −ν∂ xx u(x, t). Seeking for weakly fluctuating solutions of viscous Burgers equation near the top line, (t = N ), in the form [17] 
β w(y, t) and substituting the ansatz for u(x, t) into the viscous Burgers equation, one gets the equation for w(y, t), which for α = 2/3, β = 1/3 and appropriate boundary conditions is transformed in the limit ν → 0 into the dimensionless Ricatti equation [17] −yt
having the solution (for t = N )
In (10) one can recognize the singular part of the grand partition function of "area + length"-weighted Brownian excursion. To make this connection precise, define the partition function Z n (A) of n-step directed 2d random walk in the upper half-plane of the square lattice (i.e. the Brownian excursion) with the fixed area, A. Thus, one can straightforwardly identify Z(s, q) with u(y, N ) = N −1/2 + ν 1/3 w(y, N ) under the following redefinitions:
Turn now to torus knots T n,m and introduce the superpolynomial [18] , counting the Poincaré polynomial of the corresponding triple Khovanov homologies H ijk . The superpolynomial is a generalization of the HOMFLY polynomial of the knot and depends on three variables
Att = −1 the superpolynomial P n,m (ã,q,t) reduces to the HOMFLY polynomial. Besides, it can be interpreted as the generating function for the multiplicities of the particular sector of BPS states in the SUSY gauge theories [18] . We shall be interested in the critical behavior of the "area+length" type in the ensemble of torus knots and focus our attention at the particular case of T n,n+1 knots. Consider the generating function for superpolynomials introducing fugacity, s, conjugated to the index n, which controls the length of the Dyck path:
Hopefully there is an explicit expression for the superpolynomial of the T n,n+1 torus knots obtained in two different ways. The first way deals with the combinatorics of the Young diagrams and can be related to the BE approach [19] . The second approach has been found in [4] via localization on the fixed points of the torus action on the moduli space of n points in C 2 . This approach will be used here to compare the superpolynomial generating function of torus knots with the instanton calculations in the particular 5d gauge theory.
The superpolynomial for (n, n + 1) knots expressed in terms of the Dyck paths reads as follows [19] (the definition of statistics and notations can be found there):
(14) where the area, bounce and corner statistics in the lattice paths are involved. Note however, that the fugacities usually used in the knot context and in the present work, are slightly different, hence we use here the "tilde" notation. To recover the known critical behavior for the generating function of superpolynomials, we have to consider the reduction of paths statistics to the "length+area" one. To this aim, let us first remind how the (q, t)-Catalans enter the game. Consider the lowest row in the expansion in a variable of the expression for the superpolynomial (14)
It turns out that the corresponding term atã = 0 in the expansion coincides with the (q, t)-Catalan number:
Taking into account that C n (q,t) = C n (t,q) we can takẽ q = 1 (ort = 1) and obtain the sum over the paths controlled by the area only. The critical behavior of (16) occurs at t = 1,q → 1 − , s → and should be compared with the scaling of the "area + length" counterpart in (5) . Thus, we see that there is a critical behavior in the ensemble of torus knots of type T n,n+1 in the double scaling limit with respect to the generating parameters.
Let us make a short comment on the a = 0 case of a general superpolynomial. The nonvanishingã accounts for corners in the BE approach and some subtle integrands in the localization approach [4] . It adds to the integrand over the moduli space the following sum
k Λ k V which should be compared with the analogous sum in the instanton ensemble in 5d gauge theory.
Consider now the Nekrasov-like partition function [20] in the Abelian 5d SUSY gauge theory with the single massless hypermultiplet Q,Q in the Ω-background. The coefficient in front of the Chern-Simons term is fixed k = 1 and the coupling constant in 5d theory is dimensionful, the fifth coordinate is compact. The Nekrasov partition function is trivial in this theory however we shall be interested in the vacuum matrix element O of the particular operator O. The calculation involves the weighted sum of the integrals over the instanton moduli where the parameters of the Ω-background ǫ 1 , ǫ 2 serve as the equivariant parameters for the two torus actions for the integration over the moduli space M n of n pointlike instantons located all at the origin. The instanton number is weighted with the gauge coupling s = e 2πiτ , where τ = 4πiβg −2 and β is the radius of the compact fifth dimension. The partition function is evaluated as the sum over the Young diagrams, while the mass of the hypermultiplet provides the fugacity for the "corners".
The desired operator O can be identified as follows [42] . First we have to relate deformed Catalan numbers C n (q, t) with O in the n-instanton sector. To this aim we use the important result [11] 
which interprets the (q, t)-deformed Catalans as equivariant integrals over the moduli space of n-Abelian instantons valued in the n-th power of the n-dimensional tautological bundle V .
Looking at the representation of the (q, t)-Catalans in terms of the path on the Young tableau, the desired operator is identified in the n-instanton sector
whereQ, Q is the hypermultiplet, Tr substitutes the integral over the C 2 in the Ω-background and Φ is the "long scalar" in the Ω-background. Hence the composite operator is the product of local and nonlocal 4-observables.
The parameter s counting the instanton numbers is identified with the bare gauge coupling since we consider the instanton sector only. Given the interpretation of the vacuum expectation value (vev) of the operator in the ninstanton sector we consider the weighted sum instantons to get the full nonperturbative contribution. It can be represented as a derivative with respect to the mass of the vev of "generalized Wilson loop":
The parameters (q, t) are related to the equivariant parameters of background as follows: q = e βǫ1 , t = e −βǫ2 . Therefore in the Nekrasov-Shatashvili limit, the critical behavior for the q-Catalans corresponds to the following values of parameters in the 5d gauge theory
2 βg −2 = 4π log 2. (20) Keeping mass finite, we obtain the following sum in the integrand:
, which has to be compared with the similar sum in the superpolynomial.
This comparison implies that the mass of the hypermultiplet multiplied by β seems to be identical to the variable a in the superpolynomial and counts the "corners" in the BE setup. This observation suggests the following conjecture relating the generating function for the superpolynomials and vev of nonlocal operator at arbitrary masses,
and the generating function for Narayana's suggests an interesting critical behavior along the line in the (coupling constant, mass) plane at q = t = 1. We plan to discuss this point elsewhere.
Let us comment on the possible interpretation of the critical behavior. In the 5d gauge theory the partition function effectively counts the BPS instanton particles, hence one could question on the possible wall-crossing phenomena for the BPS multi-instanton bound states. If the wall-crossing interpretation is true, some stable bound composite state decays at this point and we have a wall-crossing phenomena. It should be emphasized that the "wall-crossing" phenomena happens not for the partition function or spectrum, but for the derivative with respect to the flavor fugacity of the matrix element of nonlocal operator. That is, the "wall-crossing" for the "generalized Wilson loop" or bilinear condensate could take place. Note the possible relation with the discussion in [21] when the RG flow over the flavor fugacity implies the appearance of the additional surface operator. This situation also seems to have some similarities with the derivation of the chiral condensate in QCD via Casher-Banks relation [22] .
The physics of the critical behavior has to be recognized at the knot side and the BE side as well. At the knot side large n knots dominate the generating function above phase transition and are suppressed below it. On the BE side we expect that the peculiar behavior of the random walks at the critical point yields the phenomena similar to the tricritical phase transition of DouglasKazakov type [23] characterized by the singularity (5) . Note that the phase transition of Douglas -Kazakov type has been observed in [41] .
At the end, let us mention that the scaling function C(z) which appeared many times throughout the text, plays also a very important role, connecting BE to the integrable systems. It is known (see, for example, [24] [25] [26] ) that w(z), defined in (10) , is itself the generating function:
where the coefficients Ω k have well-defined physical sense:
representing Ω k in the form Ω k = 2 (3k−1)/2 Γ((3k − 1)/2) B k , one can show [26, 27] that B k is the kth moment of the area under the Brownian excursion on the unit interval. Defining
On the other hand, the function w(x) appears it the theory of integrable systems as the solution of the rational Painlevé II equation (w(x) ≡ u(x)) at α = 0:
The connection of area-weighted generating function w(x) with the rational solutions of Painlevé II is not restricted exclusively by (24) and can be pushed for any α = N + 1 2 , where N = 0, 1, 2, .... Take into account that the rational solutions of (24) can be written (see [28, 29] ) as u(x) = − ln σN+1 σN , where σ N ≡ σ N (x) is the τ -function of the Toda system (see [30] ), written as a Hankel determinant
and the entries a n ≡ a n (x) satisfy the recursion [29] a n = 2(n − 2)a n−3 + n−2 k=0 a k a n−k−2 ,
with a 0 = x, a 1 = 1, a 2 = x 2 . The associated generating function,
satisfies the Riccati equation [29] (compare to (9))
whose solution is
The equation (26) at large n resembles (though being different in details) the recursion (23) for the function K n . The connection between (23) and (26) can be set by comparing (22) and (27) . Finally, we get
where δ i,j is the Kronecker δ-function. Thus, we explicitly see how the linear combinations of moments of areaweighted Brownian excursions, Ω k , are connected to the coefficients a j in the expansion of the Toda τ -function. Let us also point out the striking similarity of the recursion equation (23) for different momenta of area-weighted Dyck paths with the summation over genus g the partition function of the 6U (N ) k × U (N ) −k Chern-Simonsmatter theory, also known as the ABJM theory [31] . We plan to discuss this question in details in the forthcoming paper [32] .
In this Letter using the realization via the random walks we have found the critical behavior of the ensembles of the torus knots and instantons at the particular values of parameters. It is worth reminding that appearance of the singularity of type (5) is the manifestation of the third-order phase transition. In the seminal paper [33] it has been shown that the largest eigenvalue, λ n , of the Gaussian n × n random matrix ensemble, converges at n → ∞ to λ n → 2 √ n + n 1/6 χ, where the random variable χ has a limiting n-independent distribution, Prob(χ ≤ x) = F GUE (x), being the so-called Tracy-Widom distribution for GUE ensemble [34] . So, the normalized value Λ n = λ n / √ n at large (but finite) n has an uncertainty (i.e. the width of the distribution) of order of n −1/3 , typical for the 3rd order phase transitions. Above and below the critical value Λ ∞ = lim n→∞ Λ n = 2, the tails of the distribution P (Λ) have different asymptotics, signifying existence of strong (for Λ < Λ ∞ ) and weak (for Λ > Λ ∞ ) couplings.
It would be interesting to extend the analysis to the whole ensemble of T n,m torus knots and the whole set of fugacities. It would be important to recognize the counterparts of the "bounces" and "corners" in the particle path integral in continuum and obtain the interpretation of the external magnetic field in the BE approach as a kind of the Berry curvature from a 4d viewpoint. It would be also very interesting to extend our consideration and to relate the spectrum of Hofstadter model at BE side with the knot invariants and 4d instantons. We suppose to discuss this issue elsewhere [32] . It seems also very important to recognize the critical behavior observed in this Letter in the ensembles of branes [35] , Hopfions [36] and "ensemble" of 3d theories classified by the torus knots [37] .
Another interesting question concerns the direct relation between the limits of the superpolynomials and the correlator in the 5d theory discussed above. This seem to be along the developments in [38] . However in our case the gauge coupling plays an essential role and it counts different torus knots. Let us emphasize that the knots live in the different internal space not in the space-time where the 5d gauge theory is defined. To some extend the situation reminds the classification of the phases in the solid state physics. The phases are classified by the invariants of the Berry connection in the momentum space like the Chern classes. Our situation to some extend generalizes this approach. The condensate which is the order parameter as well is interpreted in terms of the invariants of knots in the internal "momentum" space which presumably correspond to the Wilson loops of the Berry connection.
Let us remark that to obtain the critical behavior for the vev in 5d theory the Ω-background seems to be switched off and the pure 5d gauge theory can be considered. We hope to discuss the physics of the critical behavior taking into account the mass dependence elsewhere. One more point deserving study is the following. Besides the usual instantons there are dyonic instantons in the nonabelian 5d gauge theory with two quantum numbers. In our Abelian case we expect the similar solutions due to the additional fundamental matter. The mapping of such dyonic instantons to the knot invariants seems to be a very interesting issue.
